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Abstract 

Exact construction of superstring field theory in some background fields is very important. We con- 
struct the low energy NS-NS sector of superstring field action in the pp-wave background with the flux 
of NS-NS antisymmetric tensor field (NS-NS pp-wave) without gauge fixing up to the second-order where 
the action is world-sheet BRST invariant. Here we use the word "covariant" in a invariant theory for a 
symmetric transformation of the pp-wave background which is not the Lorentz transformation in the flat 
background. Moreover we prove the exact correspondence between this low energy action and the second- 
order perturbation of supergravity action in the same background. We also prove the correspondence of 
the gauge transformation in both the actions. This construction is based on the BRST first quantization of 
superstrings in the pp-wave background in our previous paper. 
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1 Introduction 



Exact construction of superstring field theory in some general backgrounds is very important. Historically 
light-cone string field theory is firstly constructed in the flat background PQ0, after that, covariant string 
field theory is constructed [3] -[6]. String field theory without gauge fixing is the theory that equations of 
motion and interactions are determined by the gauge symmetry so that the construction of string field theory 
in the general backgrounds enables us to obtain the deeper understanding of fundamental low of physics. 
At present in the case of the R-R pp-wave background, light-cone superstring field thory is constructed 
[7j- jlOj . however complete "covariant" superstring field thory without gauge fixing in the background is not 
constructed yet. Recently exact first quantization of superparticle in the AdS background is constructed 
in however first quantization of superstrings has not been constructed yet. As an example, the low 
energy state of superstring field theory in the flat background based on the first quantization is proposed by 
Berkovits [Hj so that we exactly prove the construction of the low energy state of superstring field theory 
in the NS-NS pp-wave background using the proporsal and results in our previous papers [13] [14] . 

As a first step for understanding superstring field theory in the general backgrounds, exact construction 
of superstring field theory in the case of pp-wave background has a deep meaning. The reason is that we 
can calculate superstring field theory in this background without contradiction and we can compare it with 
coresponding supergravity. Here the supergravity action is derived by comformal imvariance of superstring 
theory in some backgrounds [15) . As we know, taking the Penrose limit on some spacetimes near the 
null geodesic, they become a pp-wave background [TB], which is generalized by [T7] and [IS] in the case 
of the spacetime with NS-NS and R-R flux. So that first of all, it is important to perfectly understand 
superstring theory in this simple background before understanding some general backgrounds. Historically 
first quantization of (super)string theory in the pp-wave background have been performed by fixing the 
light-cone gauge for a long time [19]- [24] and after these research, the light-cone superstring field theory 
in R-R pp-wave background is constructed [7]-|10j. however we can not obtain deeper knowledge between 
superstring theory and background fields from the light-cone gauge quantization because it maps to a free 
field theory in this gauge fixing. Therefore we perform the BRST first quantization of superstring theory 
and construct the general solutions defined as Heisenberg operator solutions which are called the general 
operator solutions in the NS-NS pp-wave background in our previous papers |13j|14j. 

In this paper we exactly construct superstering field theory without interactions in the NS-NS pp-wave 
background based on the general operator solutions and free-mode expansions of them which are called 
the free-mode representations in our previous papers |13)|14j. Moreover, we particularly notice the low 
energy state of NS-NS sector of this string field whose construction is based on [T2]. Then we confirm 
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the correspondence between NS-NS sector of supersteing field action and the second-order perturbation of 
supcrgravity action without R-R fields and fermionic fields in the same NS-NS pp-wave background. In 
this construction, the modes defined by the general operator solutions play an important roll, because these 
modes have the linear dependence of coordinates which enables us to reproduce the Christoffel symbol and 
the covariant derivative at the standpoint of superstring field theory. We also confirm the gauge symmetry 
in both supersting field theory and supergravity in this pp-wave background. 

This paper is organized as follows. In section 2, we prepare for the construction of superstring field theory 
in the NS-NS pp-wave background. This construction is based on the general operator solutions and the free 
mode representations that we construct in our previous paper so that first we write up them. We also explain 
the super- Virasoro operator and BRST operator in this background. In section 3, we define the low energy 
string field action. Here construction of the low energy state is important. In the construction we use new 
modes constructed from free modes. The caracteristic point of these modes is coordinate dependence which 
playes an important role. Because of the coordinate dependence we have to note the differential operator. 
In the last part of this seciton we write up the usefull formulae. In section 4, we calculate the component of 
superstring field action constructed in section 3. In section 5, we compare the low energy superstring field 
action to the second-order perturbation of supergravity action and we confirm the correspondence between 
them. In section 6, we compare the gauge transformation at the standpoint of superstring field theory to 
the corresponding supergravity. In section 7, we summerize this paper. In appendix A, we represent the 
BRST transformations of all the free modes in the NS-NS pp-wave background. In appendix B, we define 
the modes based on the general operator solutions and the free-mode representations. 

2 Preliminaries 

In this section we write up the definition based on our previous paper. In our previous paper we constructed 
the general solutions and the covariant canonical quantization of the Ramond-Neveu-Schwarz (RNS) super- 
strings in the NS-NS pp-wave background. These geneal solutions and Heisenberg operator solutions are 
called the general operator solutions. The NS-NS pp-wave background is 

ds 2 = g llv dx li dx v = -y 2 z*zdx + dx + - 2dx + dx~ + dz*dz + dx k dx k , (2.1) 
B +x = - % -tJLz\B +t .=+ % -nz, (2.2) 

where we use the light-cone coordinates x ± = -^(x a ±x 1 ), complex coordinates z = x 2 + ix 3 , z* = x 2 — ix 3 , 
spacetime Greek indices run over +, — , z, z* , k (where k runs over 4, • • • ,9) and the coefficient /i is a constant 
which denotes the strength of NS-NS pp-wave background. We also use the world-sheet light-cone coordinates 
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a = t ± a. First we explain the general operator solutions for bosonic fields and fermionic fields, however 
they tangle in each other complicatedly so that we explain the details after showing the forms of the solutions. 
The general operator solutions for the world-sheet bosonic fields namely the string coordinates X^{t, a) are 



X+(r,a)=X+(a+)+X+(a-), (2.3) 
X-(T 7 a)=X- h (a+)+X m (o--) 

+ X- B (a+,a-)+X- F (a + ,a-) + ^ [/(<7+) S >-) - /*(tr+MO] . (2-4) 

Z(T,a) = e-^ + [f(a+)+g(a-)], (2.5) 

Z*(r,a) = e^ + [t(*+)+g*(o-)], (2.6) 

X k (T,a)=x£(o- + ) + X*(o--). (2.7) 

The general operator solutions for the world-sheet fermionic fields ip± (r, u) (where sub indeces ± denote 
spinor indeces) which are superpartner of the string coordinates are 

4>i(T,o-)=yj+(a ± ), (2.8) 

i>g(r,a) = T y [/(^ + ) + «7(0] AJ^) ± | [/>+) + g*(a~)] \ ± (o-±), (2.9) 

^|(r, a) = e-^ [A±(a±) T ^Vj^) {/(*+) + <?(0}] , (2.10) 

V^*(r,a) = e^ + [Ai( ( 7 ± )±z^+( ( T ± ){r(a+)+ g *(a-)}], (2.11) 

^(r,a)=^(^ ± ). (2.12) 



We explain the details in the general operator solutions. L and R indicate the left-moving and the right- 
moving parts respectively whose fields are arbitrary bosonic periodic functions of a^ . Here X + = X^ — X^. 
V , ±(cr ± ), "0o±( <J± ) an d - 0±( <T± ) are arbitrary periodic or antiperiodic fermionic functions of a^ respectively. 
/(<t + ), g(cr~) are twisted bosonic functions of a + or er~ and A±(<t ± ) are twisted fermionic functions of a^ 
respectively. The twisted boundary conditions are f(a + + 2ir) = e 2m ^ f(a + ), g{a~ — 2ir) = e 2m ^g(a~) and 
X+(a+ + 2tt) = ±e 2?ri/i A + (cr + ), A_(cj~ - 2tt) = ±e 27r4/1 A„ (ct _ ) where + sign denotes R sector and - sign 
denotes NS sector. Here we define jj, = /ia'p + . In (|2.4I) X^ R and X^ L are the fields which do not contain the 
fields f,g,\± and their Hermitian conjugates however X^ B and X^~ F contain these fields: 



X 



ifj, 

ib = y 
x- - M 



da+ : (/*£>+/ - d+ff) 



da : A!j_A + : — / da : X*_X- 



dv : (g*d-g- d-g*g) 
— ixJ-pa. 



(2.13) 
(2.14) 
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Here the integrals are indefinite integrals, and we choose the constants of integration to be zero. Moreover 
Jb and Jf are 



Jf = 



1 

4tt 



da+ : (f*d+f - d+rf) ■+ I da~: (g*d-g - d-g*g) : 



da + : X* + \+ :+ I da~ : X*_X. 



(2-15) 
(2.16) 



>o Jo 

where the symbol : : denotes normal ordering which we explain later, see (j2.29[) and (|2.30[) . We can expand 
the general operator solutions by using free modes, which are called the free-mode representations. The 
free-mode representations of the bosonic fields are 



2 >-f n 



, x' a , _ . a' tt-^ a' 



*oi> + ) = 



JUr, \jl _ _i_ 



2 " n 



» " + ' \ - E + , X - R (a-) = ^ + yPo - + ' 



x a 



2 2^ 2" n 

n#0 



a' t — ■» a k + 



E 



2 ^ n 6 



n#0 



7 E' 



7 (o = v^E -" B " . ^~ t( " +A)CT ' 



(2.17) 

ri(T~ 

i 

(2.18) 

(2.19) 
(2.20) 



„ ez VI" -Al „ ez V> + Ai 

where we exclude that ft is an integer here, although we can treat it defining the solution for ft is an integer 
Moreover the free-mode representations of the fermionic fields are 





•) = 


E fc^, 


#t(0 = ' 


E ^te- ira ~, 














•) = 




^o-(0 = 


sfa 1 E €"e-^", 

rgZ+e 




•) = 


A 7 E i>re- ira+ , 


4> k -{a-) = 








rGZ+e 




reZ+E 


A+(a J 


) = 




X-(a-) = 





(2.21) 
(2.22) 
(2.23) 

(2.24) 

rGZ+e reZ+e 

where e = denotes R sector and e = \ denotes NS sector. Here we also exclude that fx is a half integer 
because of avoidance of changing sector between R sector and NS sector. Here the nonvanishing commutation 
relations between the modes of bosonic fieldes are 



[x + ,Po \ = [xq,p + ] = -i, [a m ,oP n ~] = [a+,a°~] = -mS m+n , 
[x k ,p l ] = i6 kl , [a k m , a l n ) = [a*,, a l n ) = mS kl 5 m+n , 

[Am, Al] = sgn(m - ft)8 m . n , [B m ,B\] = sgn(m + p,)8 m , n - 



(2.25) 
(2.26) 
(2.27) 
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Moreover the nonvanishing anticommutation relations the modes of fermionic fields are 

= = Sr+s, = WW,} = 5 kl 5 r+s , {X r ,X\} = {A r , At} = «5 r _ s . (2.28) 

The commutation relations between bosonic modes and fermionic modes vanish. The normal orderings of 
A\\A n , B\\B n and V r X r , A+A r arc 



A\A n : 



XfX r : 



AlA n , (n>fi) 
A n At, (n</t) 

XtXr, (r > A) 



B„B n := 



: XtXr 



B\B n , (n > -A) 

B n Bl, (n < -jl) 

XlX r , (r > -jl) 

— X r X\. (r < —jl) 



(2.29) 
(2.30) 

(2.31) 
(2.32) 



-X r Xl, (r < (i) 

Substituting the free-mode representations into (|2.15[) and (|2.16[) , Jb and Jf are rewriten as 

Jb = [ s S n ( n - A) : A\A n : +sgn(n + fi) : B\B n 

J F =a'\ :AtA r :+ ^ : Aj,A r / : . 

rGZ+e r'eZ+s 

In the case of Jf we have to take care of the possibility that the left modes and the right modes belong the 
different sectors, for example the left modes belong the R sector and the right modes belong the NS sector. 
Finally we write up the super- Virasoro operator in the NS-NS pp-wave background. From now onward, we 
use the following modes for convinience 

A^, ~ Bn 



Ar. 



sA 



B,, 



n~ Ml 



V\n+J\ 



(2.33) 



In the notations we have to note that the commutation relation between A n , B n and x dose not vanish 
because of [x^ ,fj] = —ifia'. The matter part of the bosonic super- Virasoro operators are 

1 



^ = E 



- : On- m a m ■ +2 : ®n-m®m : +( m ~ n ~ A)0 ~ fr) ■ A 



A 



E 



rnGZ 



E 

rGZ+e 

M 
V2c7 



-2(r - \) : i>t-M- ■■ +\ir ~ \ ) = ■ +(r ~ \ ~ A) = A]_„A r 

<5+(Jb + Jf), 

: «tmfm : +\ ■ a'-mi : +( m ~ n + A)0 + A) = B} n _ n B rl 

<r - J) : #U-#~ : +W - ?) : l&£_ r V£ : +(r - ? + A) : A,L„A r 



Q n(^B + Jf)- 



(2.34) 



(2.35) 



Moreover the matter part of the fermionic super- Virasoro operators are 



G ^ = E f-^ + -„«°" - €-n< + ^r-n<*n + l{n + A)(A„+r^ - A^-rA.) 



x 2cr 
/2a 



:^+(Jb + Jf), (2-36) 
:^ + (Jb + Jf)- (2.37) 
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In the end of this section, we write up the ghost part of the super- Viraso operators and the BRST operator. 
Since the ghost modes are generally not influenced by backgronund fields, these arc same modes in the flat 
background. They are 



= ^2(n + m) : b n - m c m : +^ E (3n - 2r) : ^ n -rPr ■, 

mgZ rEZ+e 

L t = ^2(n + m) : b n - m c m : +i E (3n - 2r) : "f n - r Pr ■, 

mgZ rEZ+e 

Gf = -2 E br-s% + l J2 (s-3r)c r _J 5 , 



s£l,+e 

Gf = -2 br-s% + l E (5-3r)5 r . s /3 s . 



(2.38) 
(2.39) 
(2.40) 
(2.41) 



where b n (b n ), c n (c n ) and /? r (/3 r ), 7 r (7r) are left and right modes of the ghost fields. Then the BRST operator 
is 



Qb- E : 



E : k:+^ h -«<w 



= + E : 

rGZ+e 

E 



7- 



7- 



(2.42) 



Here ordering constant of the super- Virasoro operator a is determined by the nilpotency of the BRST 
operator in the NS-NS pp-wave background so that the result is 

{0 R sector . . 

2.43) 
l! -(£-[£])! NS sector, V ; 

where [x] is the greatest integer that is not beyond x, namely, the Gauss' symbol and this result is the 
same as our previous paper. We write up the BRST transformations of free modes in the NS-NS pp-wave 
background in appendix A. 

3 Low energy string field action in the NS-NS pp-wave 

In this section, we define the low energy superstring action based on the general operator solutions and the 
free mode representations represented by the previous section. Next we define the low energy state, the 
newly defined modes and represent the low energy super- Virasoro operator by using the new modes. In the 
last part of this section we represent the useful formulae. First we define string field action as 



(3.1) 



where we do not consider the interaction terms because of simplicity. Here the string field $ and the BRST 
operator Qb have the intricate interaction in the NS-NS pp-wave background, which is different from the 



case of the flat background. For closed string field, the action is defined as 

S = -\f d w x{<f{x)\Q B b^{x)), 



(3.2) 



where b is the ghost which vanish a half degree of freedom of closed string field. Here ghosts b^ , Cq are 
defined by using by, bo and Co, cq, 



b Q =b ± b a , c = co ± c . 



(3.3) 



The non- vanishing anticommutation relation for ghosts is c^} = 1. The grand state | tt) is vanished by 
all the anihilation modes. Moreover these down arrows are fliped by cj. Here we define | tt) = c d c cTl tt) 
and (tt | ft) = (tt I tt) = 1, (tt I tt) = (tt I ft) = 0. We also use the folloing notation for short: 
(£>) = (tt \0\ tt) = (tt \0\ tt), where O is an operator for something. Here we consider the NS-NS sector 
of the low energy state |3>(x)) is definded by using the component fields, the low energy creation modes and 
the ground state: 



1*0*0) = c o ^0*0^1/2^-1/2 + ^0*0/3-1/27-1/2 + s{x)l_ l/2 p-i/2 

+ c t{ B ^ X )P-l/2^-i/2 + E n( X )^-l/ 2 P-l/2\ I U), 



(3.4) 



where e^ v {x) = h /JlV (x) ± b^ v (x). Here h^ v {x) denotes the gravitational field, b^ v {x) denotes the NS- 
NS antisymmetric tensor field and </>(x), s(x) denote the scalar fields and B^, denote auxiliary fields. 
Moreover ip^, 2 , ty_xi2 are ^ ow ener gy nrodes which we explain later (I3.7I) - (|3.10I) . and /3_i/2, P-1/2 an d 
7-1/2) 7-1/2 are ghosts whose commutation relations are [^±1/2,^1/2] = 1, [7±i/2, P^i/2] — 1- Usually 
the state is expanded by using the infinite number of component fields, however we particularly notice the 
low energy fields, which is the most characteristic point. Moreover we have to note that this construction 
is based on the paper by Berkovits [12] . however in our construction, the low energy state is defined in the 
NS-NS pp-wave background, so that the modes V^i/2j '&-1/2 are influenced by the background. The state 
($(a;)| is defined as Hermitian conjugate of \$>(x)): 

($0*01 = (-14 I ^?/2^l/2 e al3( x ) ~ 7l/2#l/2</>( a ~ Pl/2ll/2s(x) 



+ W f J 1/2 B a (x) + f3 1/2 ^ /2 E a (x)}c+ 



■ 



(3.5) 



Here e£ v terns into e~„ because of the property of antisymmetric tensor field b^ and the minus sign in front 
of the scalar fields comes from anti-Hermiticity of (3 r , (3 r whose Hermitian conjugates are /JJt = —j3— r) /3J = 
— /3_ r (e.g. see [25 .). The BRST operater f|2 .42(1 becomes the following form in this low energy case: 



Qi 



f M 
-^0 



+ G_i/ 2 7i/2 + Gf/ 2 7_i /2 + G M 1/2 7i/ 2 + Gf /2 nr-i/2 ~ (7-i/27i/2 + 7-i/27i/2)&o H » 



rM 
^0 



1 + 2 A _ 2^ 1 /2/ 3 l/2 ~ /3-1/271/2 + 7-1/2A/2 ~ ^-l/27l/2) 



'-iM ~ 



rM 



M 



(3.6) 
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where the last term of • • • means high energy parts. From now on we restrict the eigen value of fi to a 
real number in < /t < ^ because of the simplicity. In the modes V , ^ 1 / 2 ) ^±1/2 wmc -h are contained in the 
low energy states, the components of fi = +, k are same definition as free mode representation, however the 
components of fi = z, z*,— are defined as 



$±1/2 


= V2X±i/2 - i^ztp^ 1/2 , 


(3.7) 


V4i/2 


= V2X ±1/2 + inztp+ 1/2 , 


(3.8) 


$±1/2 


= $±1/2 " ^I Z ^Tl/2 _ Z ^±l/2]' 


(3.9) 




= ^±1/2 + ^[ zA Tl/2 - Z * A ±l/2]> 


(3.10) 



where z* component is obtained by taking Hermitian conjugate of z component. The details of the definition 
of these modes are explained in Appendix B, especially (IB.24[) and (IB.25|) . In these equation, the coordinate 
dependence comes from 

A + B = -L Z , A\ + Bl = ^=z\ (3.11) 



whose relations also explained in (IB.13[) . We have to note that these modes depend on the coordinates of 
z, z* linearly. In the case of more general backgrounds, we expect that modes depend on more general 
functions of coordinates. The nonvanishing anticommutation relations of these modes are culculated by 
using anticommutation relations of the free modes (|2.28l) , 

{$±1/2: ^1/2} = W±i/2, ^1/2} - <r , (3.12) 

which become contravariant metric of NS-NS pp-wave background (12. ip . Using the new modes (I3.7I) - (|3.10I) 
the bosonic super- Virasoro operator (|2.34j) . (|2.35[) and the fermionic super- Virasoro operator (|2 . 36[) . (|2 . 3T[) 
become the following form in the low energy case: 

+ I™ = -^( g P°d p d a + 2*//cL) + i 5pCT (: V_ 1/2 r i/2 : + : V- 1/2 <K/2 - V^pd- + ■■■ , (3.13) 

G±l,2 = \/f (-^±1/2^ + £$Zl /a Jv) + ■ ■ ■ , G±l/2 = (-<i/2^ " ^tl/2^) + ■ ■ ■ . ( 3 - 14 ) 

where • • • means high energy parts and Jb is canceled out in this representation. Here the new operator K-p 
is defined as 

K F = a' [■ : _ : *r*r : • ( 3 - 15 ) 

r=±l/2 

Although the operator Jp in eq. (|2.32l) is defined by summation over all the harf integer, the new operator 
Kp is defined by summation over only ±1/2. However looking at the low energy level, the difference between 



Jf and Kp is the sign of the right moving modes so that we can calculate the commutation relation for Kp 
using the commutaion relation for Jp 

[ J fir Pl ^ 1/2 ] = +[Jp ) ^ 1/2 ], (3.16) 

[K F ,^ 1/2 ]=-[J F ,r ±1/2 ]- (3.17) 

Moreover we have to note the definition of differential operator d M , namely zero mode of bosonic fields: 

■l a ' « ~o- _ „,0-_-/«'o ~k _ k ■ /" 



2 <9_, &° Q = o£ = id —d + , ag = a k = -id —d k , (3.18) 

io = -^(z-2a' f i- 1 d z *), B = -^—( z + 2a'fi- 1 d z ,), (3.19) 
2va' 2va' 



A 



, (1 - -l=(z* + 2a'A" 1 9 z ), St - -±={z* - 2a'fr 1 d z ), (3.20) 

where the operators Ao, Bq and their Hermitian conjugates are harmonic oscillator which contain coordinates 
explained in (|B.16|) . 

In the end of this section, we explain the outline for the following section whose perpose is calculation of 
the action by using component fields specifically. The super- Virasoro operator in the BRST operator contain 
the differential operator d p and the special operators namely Jf and K-p. According to the definition of 
the action, these operators operate on the state which contain ^±1/21 ^±1/2- Since these modes have linear 
dependence on the coordinates z, z*, we have to note the differential operator d z , d z * so that d p operates 
on not only the fields but also the modes. Moreover we have to calculate that Jf and K-p operate on 
the modes. After this culculation, finally we take expectation value by using (|3.12|) . namely they become 
(^1/2^-1/2) = (^1/2^-1/2) = 9^ ' ■ The ser i es of these calculations leads us to the action of component fields. 
In these calculations, we had better write up some useful formulae. First after differentiating the modes 
(|3.7p - p.l0[) . we represent the modes without \±i/ 2 , \±\/ 2 and their Hermitian conjugates by using f|3 . T[) . 
(|3.8[) again. The results are 

+ y fe/2 + Wi 1/2 )C^ + Wi 1/2 S' a *S&, (3.21) 

- f (fe/2 - if^tx^a^ - #± 1/2 C^- (3.22) 
Therefore the following expectation values are calculated as 

+ y Or + W + )^*<*- + ^ + S Z P *S^ (3.23) 
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- inzgT+WSL - i^ + 5 z p *S^. (3.24) 



Since the expectation value of modes represents the inverse metric, these differential operator sandwiched 
between modes roughly represent like the Christoffel symbol from the standpoint of superstiring field theory. 
In the next place, we represent the fomulae of the commutation relation between J-p and modes, according 
to the relations (|3.16l) and (I3.17|) . we need not represent the fomulae on Kp: 

[Jf,^ 1/2 ] - a |-^( z V4* /2 + z*r ±1/2 )St - (V4 1/2 + iiiz$+ l/2 )6£ + ~ Wz*j>± 1/2 )5^ , (3.25) 

[j F ,r ±1/2 ] = a' |^ + z*^ 1/2 )st - (r±i/2 - w£i /a )^ + w±va + ^>£ 1/2 )^*} • (3.26) 

Moreover the expectation value become as follows: 



« /2 [J F ,r i/2 ]> = ol {ztf** + z*g^-)5l - (gP* + W + )*£ + - ^V + )<%, J , (3.27) 

W /2 [Jf,C 1/2 ]> = a'^(zg az * + z*g az W_ - QT - inzgT*K + (g az * + inz*g a +)5 v z X . (3.28) 
Using these fomulae we can easily calculate the action of component fields. 

4 Component representation of superstring field action 

In this section we specifically calculate the components of superstiring field action in the NS-NS pp-wave 
background. On the calcualtion, we use the modes based on the general operator solutions and some useful 
formulae of these expectation values constructed in the previous section. Calculating the expectation values 
we can obtain the action for graviton, antisymmetric tensor field and dilaton influenced by the NS-NS pp- 
wave background. In the next section we will confirm whether this action correspond to the second-order 
perturbation of supergravity action from the NS-NS pp-wave background. From the relation between creation 
operator and annihilation operator for ghosts, we have already known the remaining modes so that we had 
better calculate the expectation value for the ghost modes first. Using the (anti)commutation relation for 
ghosts, we can eliminate ghost modes from the action. Let us start from the superstring field action 



S = ~ / d 10 



+ {<P(L™ +L™-1 + 2/2)s) + + I™ - 1 + 2£)0) + 2(s0) 

+ (^/2^ 1/2 e- p G M 1/2 B^ 1/2 ) + W/2^f /2 e^G%i^ 1/2 ) 
+ (sGf /2 B^ 1/2 ) + {<PGf /2 E^_ 1/2 ) 

- (^ /2 B a Gf /2 e+Jt 1/2 r. 1/2 ) ~ m /2 E a Gf /2 e+„r_ 1/2 r- 1/2 ) 
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- (^ /2 E a G M 1/2 q>) - (^ /2 B a G M 1/2 s) 

+ (^ /2 B a B,r_ 1/2 ) + (^ /2 E a E^ 1/2 )} , (4-1) 

which we define in the previous section by using component fields without ghost modes. Here the operator 
ordering constant fi = fia'p + = ia'fid- vanish from the action because we can make total derivative from this 
operator. In the case of the two scalar fields we can make total derivative easily. 4>(is + sfi<f) — ia' /j,d-((j)s). 
In the case of the tensor fields e^„, because of the world sheet fermions ^±1/2 n °l depending on x~ , we can 
calculate the expectation value easily. Here we use that the expectation value of modes become contravariant 
metric, (i>i/ 2 i>'^i/ 2 ) = (^1/2^-1/2) = 9^ '■ ^ ne calculation is 

(^i/2^i/ 2 e~^e+ u ^ 1/2 ^ v _ 1/2 ) = ia' ng av g Pll e^d-e+ v 

= ia'fid-(h^h^ + b^b^). (4.2) 

Above calculation the cross terms Wd-b^v and Wd-h^ vanish automatically because of the product of 
the symmetry and the antisymmetry of spacetime indices. Moreover using the following identities, 

J d w x(^ /2 ^ 1/2 e^G M 1/2 B^ 1/2 ) = ~ J d 10 x(^ /2 B a Gf /2 e+J» 1/2 r- 1/2 ), (4.3) 

J d w x(^ /2 ^ /2 e- p G^ /2 E,r_ 1/2 ) = - J d 10 x(^ /2 E a Gf /2 e+ u r_ 1/2 r- 1/2 ), (4.4) 

J d w x{sGf /2 B^_ 1/2 ) = - J d w x(^ /2 B a G M 1/2 s), (4.5) 

J d w x(cpGY /2 E^_ 1/2 ) = - J d 10 x(W /2 E a G M 1/2 cj>), (4.6) 

the action becomes simpler form. Here we can prove these identities from the Hcrmiticity of the action and 
taking Hermitian conjugate of left hand side. The minus sign of right hand side comes from the ghosts 
hidden in expectation value. We can also prove them by direct calculation of the following subsection. Using 
the identities the action becomes 

1 



m /2 v 1/2 e- p (L^ + Lq i) e + r. 1/2 r-i /2 ) 

+ (ct>(L™+L™)s) + (s(L™ + Lf) ( p) 

2B a m /2 Gf /2 e+ v r_ 1/2 r- 1/2 ) + m /2 G M 1/2S )} 

- 2E a m /2 Gf /2 e^ 1/2 r- 1/2 ) + {^ /2 G M 1/2 m 

+ B^ + E^~\ . (4.7) 

From the action we can derive the equation of motion for B^, E^ and we substitute the solutions of the 
equation of motion for the action. Then removing the auxiliary fields B^, E^ , the action becomes 



S = 2 



\ J rf 10 x [ - (^ /2 < /2 e^(I M + ^ - l)i^ 1/2 C 1/2 > 
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+ (</>(L™ + K)a) + (s(L™ + L^)4>) - (B„B» + E^E") 



(4.8) 



where we newly define B^, E^ 1 as 



s a = m /2 Gf /2 e^t 1/2 r- 1/2 ) + «/ 2 G M 1/2S ) 

E a = (^ /2 Gf /2 e+ v ^_ 1/2 r-i /2 ) + (</ 2 G M 1/2 0) 



(4.9) 
(4.10) 



Here we have to note that B^ and E^ are no longer auxiliary fields. Moreover using gauge symmetry of six) 
we can remove s(x) always where we discuss the gauge symmetry in section 6, especially (|6. 10[) and (I6.1ip . 
Finally the action becomes the simplest form: 



5 = -; / d w x 



W/a^/a^o + - l)e+ ^ 1/2 Ci/a) - (B„B» + E^E*) 



(4.11) 



In this case the kinetic term of the dilaton held comes out from the term of E p E^ as we understand it later. 
4.1 Calculation of the bosonic super- Virasoro operator part 

In this subsection we calculate the action of the bosonic super- Virasoro operator part. We name this term 
Si: 



S. \ I ,l w r 



(4.12) 



As we discuss in the previous section, we can use the bosonic super- Virasoro operator (|3.13[) in the case of 
treating the low energy case. In this operator the term 2/i«<9_ and ^g pr7 (: 4> < Li/ 2 ' l l>i/2 ■ + • ^-112^112 •) vanish 
because the former becomes total derivative and the latter and ordering constant (—1) cancel out each other 
so that practically we calculate the first term and the forth term in the bosonic super- Virasoro operator so 
that 5*1 becomes 



Si 



(^?/2^i/2 e a/9(- -Trf^dpdv - i[iK F d-)e+ v ^ 1/2 ip'i 1/2 ) 



(4.13) 



In this calculation the most important point is that w_ij 2 and ^_i/ 2 are the linear functions of the coordinates 
of z or z* so that we have to pay attention to the differential operators d z , d z „. Therefore we have to multiply 
^-1/2 an< ^ ^-1/2 ^ v differential operator d p at only one time. The first term becomes 

(V-r /2 ^ /2 e^(-y5 Pff a p a CT )e+ I ,^ 1/2 ^^ 1/2 ) 

= -^^^1/2^/2(^4^^/2 + 2d p e+M»_ 1/2 r-i /2 

+ 2d p e+Jf 1/2 d„r + 2e+ u d p ^ 1/2 d a r- 1 /2))- (4-14) 
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Then we calculate the expectation value of modes without differential operator on ahead as 

(V'r /2 ^ /2 e^(-yg pff 9 P 5 ff )e+ ly ^ 1/2 V^ 1/2 ) 

= ~ ^g av g^e- p d p d a e+ v + 2g""e- p d p e+ u (>^f /2 d CT ^ 1/2 ) + ^W/Af-i/a)) 

+ 2g^e- p el v {^ /2 d^ /2 ){r i/2 d a ^ 1/2 )). (4.15) 



In the next place we calculate the term of Kp. The modes V , _i/2 ano - do not depend on x so that 

we only multiply <9_ by e^, finally we take expectation value on ahead. The caluculation is 

(^i/2^i/2 e *p(~ i V K Fd-)e+^ 1/2 ^_ 1/2 ) 

= -W e ap d - e M^?/2$f/2 K V$-l/2'*P-l/2) 

= -^a^-^u { (^1/2^1/2 [^F'^-l^l^-l/a) + (^1/2^/2^-1/2 [#F, V>-l/ 2 ]) } 

= -^ e -^_e+,{^(^ /2 [Jp,^])-5^(r[^ ) Ci/2])} ) 



(4.16) 



where we use the relation f|3 . 16[) and (|3.17p in the last line of this calculation. Moreover expectation values 

(^1/2^/^-1/2)' (^1/2^^-1/2) an< ^ (^i/2[^ p >^-i/2])' (^1/2 [^P' ^-1/2]) m H-15D and (|4.16[) whose formulae 
are constructed in (|3.2f p ~ (|3.28p . Although we feel a little complicated, they are not so difficult because 
of the formulae almost constructed by Kronecker's delta and the inverse metric of NS-NS pp-wave. Thus 
using these expectation values, we can calculate the addition g av {"4>if 2 d a ^ l f 2 ) + (^1/2 ^^1/2) and the 
product g p<T (i/j^ 2 9pi/j^ 1 ^ 2 )(i/'f/2^o'V'^i/2)- The addition becomes 

g^{^ l/2 d a r_ l/2 ) + /"(ViV^-i/2> 



^V" + t^z*g a +)S^_ - ^(s" - ivuig a +)6?S» + iM a+ (5*S» - CO 



(4.17) 



We can simplify this, if we replace the spacetime indeces with common indeces using the (anti) symmetry of 
spacetime indeces of tensor fields ej~,, then 

K/2^-1/2) + W/2^1/2) = -mV + ^K* + z*s;), (4.18) 
W/2dpCi/ 2 > - W /2 W-x/2) = wbrs? - g^s;)si + 2i W "+(CC " (4.19) 

The product becomes 



r K /2 a p ^ 1/2 )(^f /2 a.^ 1/2 ) 

{ff z( V° z * + inzg + l a g® z * - i[iz*g+^gN z - 2^ 2 z*zg +a g +ti }6t$L 



EL 
2 
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Here we define the following (anti)symmetric symbols, 



(4.20) 



grt<*gf»" = gH«gP» + tf# g™ , g^g^ = g^gP" - grf ' g<*\ (4.21) 

S { a % } = 5£Pp + 6»J%, S^S; ] = 5^ - 5»5%, (4.22) 

because of the avoidance of the complexity and using the symbols we are also easy to sec the property of 
symmetry of spacetime indeces. From now onward we divide ej„ into h pu and b pv for using symmetry and 
antisymmetry of spacetime indeces. We represent e^e^, e^dpe^, and e~ ( g<9 p 9 cr e+, using h pL , and b^ v , 

e ap e t" = haph-ii" + hapb^v — baph^ — b^b^, (4.23) 
e~pd p e^ u = hapdph^ + h a pd p b pv - b a pd p hp U - b a pd p b pv , (4.24) 
e a/3 d P d <? e ti' = h a pdpdah MV + h a pd p d a bp, v - b a pd p d a hp, v - b^dpd^b^. (4-25) 

We evaluate the term of G^e^ u g pa (^py 2 d p 'ip > ^ l , 2 ) { 1 Pi/2^< 7 ' l i )V -i/2) dividing into h pv and b pv . It is important 
that because of (anti)symmetry of spacetime indeces in the tensor fields, different terms appear in (14. 20j) : 



h a 0h^ u g pa (^ /2 d p ^y 2 )(^ /2 d a 'tp^ 1/2 ) 

= - V [2{5 Q V" - H 2 z*zg a+ gP+}5»6 v _ + 2{{g a "8^ + g a *5»)gP + 5»} 

+ 2{(g^ + g^*S^)g a+ S^} + 8. 9 Q V + ^C] , (4-26) 
b a p h^{^ /2 d p ^ 1/2 ){^ 1/2 d^ 1/2 ) = -^b af} hp V ■ 2i l ig a+ {zg l)z * - z*gP*)5»5»_, (4.27) 
Kpb^°(^ /2 dpr_ 1/2 )(^ l/2 d a r- 1/2 ) = —Kpb^ ■ 4ifig a +gP+S^(zS v z - z*S:J, (4.28) 

b a ^gp^^ /2 d p r_ 1/2 )(^ 1/2 d^ 1/2 ) = -^bafib^ ■ 2 [(g Q2 *C + grr,)9 ll+ 6* + (g pz 6» + g pz *6^)g a+ 6»_] 

(4.29) 



Moreover we evaluate (^, 2 ^, 2 e a p(—i^,KFd-)e^ J/ t/j > ^ 1 , 2 'ip v _ 1 , 2 ) dividing ej„ into h pv and b 



(^ /2 ^ /2 h af }(-i^K ¥ d^)h pu ^_ l/2 4i u _ 1/2 ) = 4a' ' n 2 gP"h^p(zd-h zv + z*d-h zw ) 

- d- {2a' l i 2 g pu {zh z ph- u + z*h„ fi h- u )} , (4.30) 
(^i/2^i/2(~ b a0)(~ i V K F d -) h ^~i/2' l f J -i/2) = 4aifig IBv (b z ^fjd-h zl , - b z pd-h z *p), (4-31) 

(^i /2 ijjP /2 h al 3(-ifiK F d-)bpv'ip^ 1/2 if)^ 1/2 ) = Aa'i^ig^Qi^pd-b^ - h z/3 d-b zw ), (4.32) 

(^f/ 2 V ; f/2(- & ^)(-iM^F5_)6^^ 1/2 V-i/2> = 4aVV"&_ /J (z0_&„, + z*d-b„ v ) 

- d- {2a'fi 2 g^(zh zfj b^ + z*h zrf3 b^)} . (4.33) 
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Using the formulae (|4.26l) - (|4.29l) and (I4.30[) - (I4.33[) . we can evaluate the components of Si: 



(^ /2 ^ /2 h a p(L™ + Lf - 1) i /a ^i/ a ) 

= ~ [h^g^dpd^ - A^ 2 h+^zd z h^ + z*8„h^) - ^ 2 g^h^ {zd.h zu + z*d.h zw ) 
- A^ 2 {h +Z h- Z + h +z *h_ zif ) - 16fi 2 h ++ h zz ., + 2 f i 4 z*zh ++ h— 
+ d^{a'n 2 g^{zhfhi + z*h z p h+)}, 

W/ 2 ^/ 2 (-^)(^ + Lf - 1) V^i/ 2 Ci/ 2 ) 

= - y - g pa ' g av g l3 ^b a0 d p d <y h tiu + 8i(ig ,3u (b z *pd z h- 1/ - b z(i d z *h- v - b-pd z h zw + b^pd z *h zl/ ) 
+ Mp?h — (z&_ z - z*6_ 2 *) - %i[ig^ v (b z ^iid-h zv - b z/3 d-h zw ) , 

(ll>? /2 $ /2 ha P (L™ + L™- l)6 F ^ 1/2 f 1/2 ) 



(4.34) 



(4.35) 



a 
~~2 



g p ° g al ' g^^hapdpdab^ + %i^g Pu (h zit pd z b^ v ~ h z/3 d z *b^ u - h^pd z b zw + h-pd z *b zv ) 
- Aifi 3 h — (z6_ z - z*b- z *) - ^^"{h^pd-b^ - h z/3 d-b zw ) , 

@ I u \/rM | y-M t\j, Ju 



(4.36) 



W/2^ /2 (-W)(£o* + Lf- 1)^^^1/2^-1/2) 
= -y [ - ^O^g^b^d^b^ + ^ 2 g^b.p{zd z b. v + z*8„b-„) 

- 16^ 2 &- 2 6-,* - 8fi 2 g^b^p(zd-b zu + z'd-bswjl - d-{2a' ii 2 g 0v {zb zP b- v + z*b„^b- v )}, 

(4.37) 

where the terms of 9_ times fields come from the terms of Kpd- and the total derivative is not important 
because we can integrate out it. Moreover we had better perform partial integral on (|4.35p for comparizon 
with supergravity. The result is 

W /2 ^ 1/2 (-b aP )(L™ + Lf- l)V^ 1/a Ci/ 2 ) 

= -j[-g pa srg p,i b afi d p d tr h MV 

+ Si^g^" {h- v (d z *b z p - d z b z *p) + h zu (d-b z *p - d z *b-p) + h z * v (d z b-p - <9_& Z(3 )} 
-4i(i 3 h (zb- z - z*b^ z *) + (total derivative). (4.38) 

Here we use the following identity, 

V = /x 2 (^* + z'S'JSiSl, (4.39) 
for performing the partial integral. Finally we can write up Si as the following form: 

Si = — J d w x{h^ g r°d p d a h^ - A^ 2 h+^(zd z h^ + z*d„h ll -) - %ii 2 9 P "h_p{zd-h zl , + z*d-h, w ) 

- Afi 2 (h +Z h^ z + h +z *h^ z .,) - 16fi 2 h ++ h zz ., + 2fi 4 z*zh ++ h— 

- g p °g/ av g f>l, b a pd p d a b ia , + ^ 2 g^b^{zd z b^ v + z*d„b- v ) 
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- 8fi 2 g l3 "b^p(zd-b z ^ + z*d-b zw ) - 16/i 2 fo_ 2 &_ z » 

+ Wing 13 " [h-p(d z *b ZL , - d z b zw ) + h zl3 {d-b zw - <9 z *&-„) + h z *p(d z b- u - d^b zu )] 

- 8i/i 3 /i__ (zfc_ z - (4.40) 

where we can prove / d w xg pc ' g av ' g^^^hapdpdab^ — bapdpdah^) = 0, using partial integral. We have to note 
that we can represent S\ in various ways, namely using partial integral, we can represent different forms. 

4.2 Calculation of the fermionic super- Virasoro operator part 

In this subsection we calculate the action of BpB^ and E^E^ which contain the fermionic super- Virasoro 
operators G™ 1/2 and G^ 1/2 . We name this term S 2 - 

S ^ = -\j dl ° x [-{B^ + E^)\ . (4.41) 

First we calculate the square of B a and E a . In the case of hxing the gauge s(x) = 0, the square of B a is 
easy but the square of E a is a little complicated because of exsistence of <j>, then 

B a B a = 9a^? /2 Gf /2 e+ u r i/2 C 1/2 )(< 2 Gf /2 e+ ^ 1/2 ^ 1/2 ), (4.42) 



E n E 



2/ 



+ 2 ffQ ^ /2 Gr /2e +^ 1/2 V>_. 1/ ^^^ (4.43) 

As we discuss in the previous section, we can use Q3.14p as fermionic super- Virasoro operators in the low 
energy case. Seeing the terms of B a B a and E a E a in (|4.42l) and (|4.43l) . first of all we have to calculate 
(^V2 G f/2 e ^-i/ 2 V J -i/2) and (^i/ 2 G M 1/2 ^)- Here we can calculate (^i /2 Gf /2 e+^ 1/2 ^ 1/2 ) in E a E a 
by using the same calculation as (V , ?/2^^2 e /«'^'— 1/2^-1/2) in B a B a so that we show the calculation of 
(^ 1 /2 G i/2 e /^' i ^-i/2V'-i/2) representatively. First we can calculate (^f/ 2 ^-i/2^) easu y because <f) dose not 
contain world sheet fermion so that Jp in G_.^ , 2 vanish by the ground state. Moreover the derivative in G y ^ l , 2 
operates scalar field <f> and expectation values of world sheet fermions become the background contravariant 
metric (^1/2^1/2) = (^1/2^-1/2) = 9^" • The calculation is 



= -i\f^{^/ 2 ^/ 2 dx<P) = -*\[^g aX d^. (4.44) 

In the next place we calculate (ipi/ 2 G^ 2 e~^ l/ ip^ 1 ^ 2 i[>'^ 1 / 2 ) . In this calculation the derivative operator dp in 
the fermionic super- Virasoro operators multiplies not only e+, but also V , _i/2 an d i } -%/ 2 because of the 
dependence on the coordinates z,z*. Moreover we have to calculate the product between Jp and tp_i/ 2 , 
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(V^iya)- We can calculate them using the commutation relations. Finally we calculate the expectation 
values of fermions which become background contravariant metric. The calculation is@ 



{-*i/ 2 ^/ 2 9A(e+f 1/2 C 1/2 )) + £e+ W /a ^ /2 [Jp,^ 1/2 ^ 1/a ]>} 

+ i^9 av (i>t /2 [J? ) ^_ 1/2 \) +i^9 + "m /2 [Jr,r- 1/2 }))}- (4.45) 

Since we have already known these expectation values (|3.23[) . (|3.24[) and fl3.27[) . (|3.28p . substituting them 
we obtain 



(4.46) 
(4.47) 



(i>t/ 2 Gf /2 e+ v r. 1/2 r- 1/2 ) =*y y [dxe^g^ + e+ (/^ + W + *£V") 

where (4 , i/2^^ L /2 e ^' t f J -i/2^'-i/2) 1S obtained by similar calculation. Here we define f^, / A " y , k^ u and k^ 
respectively as 



1 ~ 2 
i/j, 



fflV 



g zVgV\z* _ i^g+^g^* + z'g+frg"]*) 



(4.48) 
(4.49) 



fcf = 1 (pV 5 "V+ - , fcf = \ {/zg^g v+ + ■ (4.50) 

We have to note that f^ v and are antisymmetric tensor so that they vanish in the case of the product 
with symmetric tensor. Since we obtain expectation values related to the fermionic super- Virasoro operator, 
we can calculate the terms in B a B a and E a E a . First the term in B a B a is 



^W /a Gf /a e+^ 1/2 ^ 1/a )^f /2 ej t /a e+^ 1/a ^ 1/2 ) 



a 
~2 



dxe+due+g^srW + 2e+d x e+g x »(f p °g v+ + k p ° g vz + k p 2 a g vz *) + ie+e+k^k^] . (4.51) 



Next the terms in E n E a are 



?aM^V2Gf /2 e+^^ 1/2 ^^ 1/2 )(^ /2 Gf /2 e+^^ 1/2 ^ 1/2 ) 

'0Ae+Ae+ g» p g Xv g u ° + 2e+ A e+ g Xv {r 9 » + + fcfV* + **V") + 4e+ e+ fcf fcf 



^K /2 Gf /2e +,r 1/2 v^ 1/2 )(< 2 G M 1/2 0) 

= T [^e^V" + e+ (/"V 4- + K 'g uz + W)l 0»6 



XuJ < 



(4.52) 

(4.53) 
(4.54) 
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In the previous subsection although we calculate the bosonic super- Virasoro operator part of the action, 
we do not find the term like d\e+d u e+ in (j4.5ip and (I4.52[) . so that we had better make the term like 
e+^A^e+r using the identity, 

^<rSAe+4,e+ = ) - e+ ^(^ W a ft,e+ )] . (4.55) 

Using the property of the inverse of the pp-wave metric (|4.39[) . the above identity becomes 

g^g"Pg»°d xe + v d u e+„ 

/T?%9A8 u e+ + 2 M V CT (*e+ cLel CT + z*e+ w d-e± a ) + 2 M V' ) (z e +_cU+_ + z'a+_d u e+_) 
+ dx(9^g up 9 va e+ u d u e+ a ). (4.56) 

The last term of this identity is not important because we can integrate out this total derivative term. Next 
we evaluate the second term of (|4.51D . Because of the symmetry of spacetime about the coefficient e~^ a d\e+ 
and fcj"' and k^f which are made of the pp-wave metric ()4.48[) - (|4.50p . the second term of (14.5ip have 
already been determined then we obtain 

2e+ d x e+ u g x »(fi">g»+ + tiff" + k pa g v **) 

= -8ifib z * z g x »d x e+_ - 4v 2 (zb_ z + z*b- z *)g x »d x e+_ 

+ 2 M 2 /i_ V(^ A e+ + z*d x e+ zsr ) + 8i M x "(b. z d x e+ z , - 6_„0 A e+ ). (4.57) 

Similarly we can evaluate the term of e+ d x eE v in the second term of (|4.52p as 

2e+ d x e+y(.rg»+ + k p ° g»* + k p °g»**) 

= -Mlib z * z g Xu d x et v + 4(i 2 (zb- z + z*b^)g Xv d x e± v 

+ 2/i 2 /i_ V(^ A e+ + z*d x e+ w ) + 8ing Xv {b. z d x e+ irv - b-„d x e+ u ). (4.58) 

Moreover the term of e^ v e% a which is common in both (I4.5ip and (|4.52[) is 

4e+„e+ ff fcf 'k pa = fi i z*zh—h— + Aifi 3 h^^(zb^ z - z*b- m ) + 16/i 2 6_ 2 6_ z>t . (4.59) 

Next we evaluate the term of and scalar field^ in (|4.53p . Taking the partial integral, the first term in 
(|4.53p becomes 

-2d x el v g^g Xv d^ = 2cf>g^ g x " d u d x e+ u + 4 A1 2 0(z9_ e +_ + **fl_e+ _) - w (2fl A e+ ^V^)- (4.60) 
In the calculation of the partial integral for the second term in (|4.53p . we use the formulae as 

2 2 

d u r = -y(<^<? +[ V ] ** + O+V 1 *), dJ^ = y Kg + V ]z * + (4-61) 
W = 9 u k^ = £s' u! f+g v+ . (4.62) 
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which are obtained by the differentiating (|4.48l) - (|4.50p . Using the formulae of (I4.61|) and (|4.62[) . we can 
calculate the second term in (|4.53p as 

4,{r^ + + K v g^ + fc£V**)] + d u [e+ (/"V* + K'gT" + Wgf"*) 
iifi(d-b zz * + d z b„- + d z *b- z ) + 2^ 2 (z<9_6_ z + z*d-b- z *) + /j?(zd z h — + z*d z *h — ) 



— 2/i 2 0/i__ + (total derivative). 
Therefore gathering all the terms, we can obtain the action S 2 '- 

S 2 = ~ I d w x[ - 2g x »g^g™h p „d x d LJ h pa - 2g x »g»Pg v "b ilv d x dJ> p 



(4.63) 



2 n> lv 



h-^zd-hzv + z*d-h zw ) + b-^zd-bgv + z*d-b zw ) 



4/i 2 # MI/ (zh- z + z*h-g*)d M h„- + (zb- z + z*b- z *)d p b v - 



h pz + b zz *d\h^ 
+ i/j^h—g^izdxh^ + z*d x h flz *) 

+ 2fi i z*zh h + 8ifi 3 h {zb^ z - z*6_ z ») + 32^ 2 fc_ z &_ z * 

+ g Xu d x cj>d u cf> + 2<Pg«"*g Xu d u d x h^ + 2<Pg^g Xv d u d x b pv 

+ 4n 2 (j)(zd-h- z + z*<9_/i_ z *) + 2^ 2 (f>(zd z h + z*d z Ji ) + A/i 2 (j)h. 

+ 8i/i0(9_6 zz * + <9 Z & Z »_ + d z *b- x )\. 



(4.64) 



The component representation of superstring field action is the sum of (|4.40|) and (14.64[) namely S = Si + S 2 - 
In this calculation the term 8i/i 3 h (zb- z — z*6_ z «) vanishes trivially and performing the partial inte- 
gral of the term -A[i 2 g^ u {zb- Z + z*b- ztf )d p b v ^ in (|4~M1) . it becomes -16(i 2 b- z b- z * + An 2 g^b v -(zd p b- z + 
z*d M &_ z *)-|-(total derivative), therefore — 16/x 2 6_ z &_ z * coming from this, 32/^ 2 6_ z &_ z » in (14.64ft and — 16/i 2 6_ z &_ 2 



in (|4.40[) are canceled out each other. Moreover we can gather the same kind of terms using the other partial 
integrals. The total action becomes 



a 

T 



d w x{h^gP°d p d a h^ - 2^tf^"h la ,d x d u h pa 

- if^g^h-^zd-h^ + z*d-h zw ) - 4fi 2 h+^zd z h^ p + z'd^h-n) 

- 4n 2 g^(zh^ z + z'h-tjdphv- + ^ 2 h—g Xti {zd x h pz + z*d x h pz *) 

- 4n 2 (h +z h- z + h +z *h_ z *) + i fJ 2 z*zh ++ h— - I6n 2 h ++ h z „ 

- g pa g ay g ptl b a pd p d a b pu - 2g x »g»pg™b ilv d x dJ> pa 

+ Afi 2 g^b^(zd z b- V + z*d z *b_ v ) - Ai?g^ v b-p{zd-b„ + z*d_b zw ) 
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- l&i[ig i:)l ' h z *p(d v b- z + d-b zv - d z b v J) - h z p{d v b- z * + d-b zw - d z *b- v ) 
+ h-p(d v b zz * + d z b zw - d ZSf b zv ) 

+ g Xuj d x <f>d u <f> + 20 5 " V^d A v 

+ ^ 2 (t>{zd-h- z + z*d-h_ zsr ) + 2n 2 <t>{zd z h_^ + z*d z *h—) + Ay?$h— 

+ 2cj>g^g Xv d UJ d x b llv + 8*/^(0_&„. + d z b z *. + d z ^ z )}. (4.65) 



Since the trace part of h pv is absent in this action so that we replace 
hpv namely h — g^ v h pu . Finally the action becomes as follows: 



h — 4(f> where h is trace part of 



a 

T 



d w x[gP a h^{d p d a h^ - 23 p d v h pa ) + 2h^d p 3 v h - gP°hd p d a h 

+ ^ 2 h+P{zd-h pz + z'd-h^) - Afh+Hzdih-p + z*d z *K- il ) 
+ 2fi 2 (z*h +z + zh +z *)gP°d p h- a + A^ 2 h ++ gP a {zd p h az + z*d p h a „) 

- Aii 2 {h +Z h_ z + h +z *h_ z *) + 4/j, 2 z*zh ++ h— - 16fi 2 h++h z „ 

- 2n 2 (zh +z * + z*h +z )d-h - 2n 2 h ++ (zd z h + z*d z *h) 

+ gP a g vfi g^b vp {d p d a b M - 2d p d p b ai ) + A^g^b-^zd^ + z*d z ^) 

- Afi 2 g^b- p {zd-b zl + z*d-b z , 1 )+AfjL 2 g v ^b v -{zd^b- z + z*d b- z *) 



h z *n(d„b- z + d-b zv - d z b v J) - h zp (d v b-„ + d-b zw - d z *b- v ) 



+ h- p {d v b zz% + d z b zw - d z . t b zu ) - -h pv (d-b z „ + d z b z *- + d z *b- z ) 
+ l&g^d^d^ + 8g^cj)d p d„h - ^g p Pg va d p d a h pv - 16m 2 #— 

- lQn 2 (f>(zd-h- z + z*d-h-„) - 8^i 2 (j)(zd z h — + z*d„.h — ) 

- 32ifi(j){d-b zz * + + d z *b- z )Y 



(4.66) 



Since we treat "covariant" string field action, it is important that the spacetime light-cone directions /j,, v = ± 
remain in this action. If we treat the light-cone string field action, all the term containing the light-cone 
components vanish and we cannot see them. In the next section we compare this action to the second-order 
perturbation of supergravity action then we see the exact correspondence between them. It is important 
that we find this corrrespondcnce except for the flat background. Of course in the limit of /i — > 0, we can 
reproduse the action in the case of the flat background. 
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5 Comparison with the second-order perturbation of supergravity 
action 



In this section we compare the NS-NS sector of the low energy superstring field action with the second-order 
perturbation of a part of supergravity action in the NS-NS pp-wave background. Because of being compared 
to NS-NS sector of superstring field action, here, we do not consider R-R fields and any fermions such as 
gravitino and dilatino. The supergravity action of the part of gravitational field, NS-NS anti-symmetric field 
and dilaton field is 



2k; 2 / 



R + iG^d^dA - ^G^G^G^H^H, 



(5.1) 



Here because of avoidance of confusion between string field and dilaton field, we use <J> for the dilaton. For 
caluculation of the second-order perturbation of this action, we define perturbation of fields as 



(5.2) 



Here g^, B^ and $ denote background gravitational field, background NS-NS antisymmetric tensor field 
and background dilaton field respectively moreover /i M „, b^ u and <j> denote perturbative gravitational field, 
purturbative NS-NS antisymmetric tensor field and purturbative dilaton field respectively. We will find that 
h^v, b^ v and <j> correspond to coefficients of component field expansions of string field after calculation of 



the second-order perturbation of supergravity action. In the perturbation contravariant metric G^ v 
and e~ 2 * become 



^G 



G» v = g» v - + h^hl + 0{h 3 ), 



-2* 



-2<I> 



(5.3) 
(5.4) 
(5.5) 



up to second-order perturbation. Moreover Ricci scalar R is perturbed up to the second-order as 

R = R^ + R^ +RW +Q(h 3 ), (5.6) 
RW = -\7 a \7 a h + V Q V^f - R { $h af> , (5.7) 
R (2) = 1 rVaV a^ _ I^ V Q V^ V + hv a V a h + R^h^h?. (5.8) 

Here R^°\ R^ and R^ denote background Ricci scalar, the first order perturbation of Ricci scalar and the 
second-order perturbation of Ricci scalar respectively and R^l denotes the background Ricci tensor. As is 
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trivial, the flux of the NS-NS antisymmetric field Hp Vp is perturbed as 





— H^itp -\- 


H (i) 

pvp ! 






= d^Byp 


-1- d v Bpp 


+ dpBp V , 


H w 


= dpb vp 4 


- d v b P p + 


d p bp V . 



(5.9) 
(5.10) 
(5.11) 



In general, using these perturbation, we can obtain the following general second-order action in some back- 
ground fields: 



+ -(h - 40) [RW - -H^"H^ p + BgTdf&dvt - {Ad^d u ® - -H^pH^br] }, 

(5.12) 

where using the background field equations, the zeroth-order and the first-order perturbation of the action 
vanish and we also remove trivially vanishing terms in the second-order perturbation. Especially using the 
Einstein equation Rp°J — jHp a pH"P + 2V ^d„<E> = 0, we can remove background Ricci tensor Rp } in i?W 
and i?( 2 ) from general action (|5.12p . Moreover in the case of $ = like the NS-NS pp-wave background, this 
action becomes the simplest form and we had better take partial integral in the term of HjxJp for comparing 
superstring field action in the previous section. The action becomes 



5' 



~ 2 I d^g 



-U iV {V p V p hp„ - 2V p V v hp P + 2VpV v h - gp V V p V p h) 



+\g^H al3 ~<h 1 p(d„b al 3 + 2d a b 0v ) - X -R pvp dpb vp h 



+*g fW dp 



H^odpKpcj) + 20(V M V^ - V*V V) 



(5.13) 



After this, we substitute the NS-NS pp-wave background into the general second-order perturbation of 
supergravity. In the case of the NS-NS pp-wave background (|2.1[) and (|2.2p . \/—g = \ and non- vanishing 
components of the Christoffel symbol and the field strength of NS-NS antisymmetric tensor are 



H +zz * = 



1 2 

= 2^ *' 



(5.14) 
(5.15) 
(5.16) 
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S ~ 32/ 



Using these Chistoffel symbol and the field strength of NS-NS field, we can calculate the covariant derivative 
so that we can represent the action by using components. Finally the action becomes the following form: 

J d w x[g pa h^{d p d a h^ - 2d p d v h lia ) + 2h" u d li d u h ~ g pa hd p d a h 

+ 4[i 2 h +p {zd-h pz + z*0_ VO - 4 M 2 ^(zcU_ M + z*d z *h^) 
+ 2 f i 2 (z*h +z + zh +z *)gP a d p h- a + 4 f i 2 h ++ g prT (zd p h lTZ + Z*d p h< TZ *) 

- 4n 2 (h +z h- z + h +z *h- ztf ) + 4n 2 z*zh ++ h— - l6/j, 2 h ++ h zz * 

- 2n 2 (zh +z * + z*h +z )d^h - 2p 2 h ++ (zd z h + z*d z *h) 
+ g^g^g^K^d^bf^ - 2d p d fj b ai ) + ^ 2 g^b^ p (zd z b^ + z*d„b^) 

- ^ 2 9 pl b^ p {zd„b zl + z*d-b z * 7 ) + ^ 2 9" P K~{zdpb„ z + z*dpb- z *) 



16i/ig p 



h z * p (d u b- z + d^b zv - d z b v ^) - h zpj (d v b-„ + d-b zw - d z *b^ u ) 



+ h- M (d v b zz * + d z b zw - d z *b zv ) - -h^(d-b zzle + d z b z „- + d z *b- z ) 
+ lWd p <t>d u (f> + %gr^d„d u h ~ Hg^g^dpdah^ - 16^ 2 0/i 

- m^(j){zd-h- z + z*d-h- z *) - 8^ 2 0(zd z /i__ + z*d x *h—) 

- 32i[i(j)(d-b zz * + <9 2 6 z *- + d z J)- z )\. (5-17) 

Comparing (|5.17l) to (|4.66[) and replacing the coefficients: ^j- O 35772, we can confirm the correspondence 
between superstring field theory in the NS-NS pp-wave background and the second-order perturbation of 
supergravity in the same background up to total derivative. It is nontribial correspondence because the 
spacetime is curved and NS-NS flux exists. 

6 Gauge symmetry in the NS-NS pp-wave 

In this section we check the gauge symmetry in the NS-NS pp-wave background at the standpoint of super- 
string field theory. Here we do not consider the interaction. The action is invariant in the following gauge 
transformation, 

5|*) = $.&o|3) = Q B |A). (6.1) 

Here the state |A) is a state of gauge parameter whose ghost number is one lower than the original state of 
string field |$), therefore we can represent as 

|A) = 2iJ^- t [e M 0r)/3_ 1/2 ^ 1/2 + C P (x)P_ 1/2 ^_ 1/2 + c+ V (x)^ 1/2 (3_ 1/2 \ \ U). (6.2) 

where e^(x), Cfj.( x ) an d v( x ) are S au S e parameters of the component fields. Therefore we can obtain the 
gauge transformation of the component fields comparing <5|$) with Qb|A). The gauge transformations of B p 
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and E/j, have a problem which we cannot remove the operator ordering constant // contained in the bosonic 
super- Virasoro operator, however we avoid this problem that we do not have to check the auxiliary fields 
-B M and because we can integrate out these fields using the equations. Therefore ignoring these auxiliary 
fields and calculating the ghost parts first, Qb|A) becomes 

~2\^ 



g B |A> = 2^-[G M 1/2 (e M ^ 1/2 ) + G M 1/2 (C^ 1/2 ) 

+ {<5f /2 (C^ 1/2 ) - v} T-i/2/5-1/2 + {Gf/ 2 (eV^i/ 2 ) - v} £-1/27-1/2] I U). (6-3) 



We can calculate these terms using the formulae (I3.21[) . (|3.22l) . (|3.25[) and (|3.26l) . The result is 
G M 1/2 (e^ 1/2 ) + G M 1/2 (C^ 1/2 )] I II) 

i(d a ifi - 9 M Ca)V ''-I, '2^-1 1 '2 



1 2' i :.; _>'' "' 1 '-' 1 - : 2^~ 1 / 2 ^' -1 / 2 } 



1/2 + ^^1/2^-1/2} I -W-), 

(6.4) 



where the symmetric and antisymmetric symbols are defined as 

#."1/2^.1/2 = $-1/2^-1/2 +^-1/2^-1/2. 

^-1/2^1/2 = ^-1/2^1/2 " ^-1/2^-1/2- 

Replacing the gauge parameter with 

^M Cm ~t~ e M B^vt , — e M 5 

and using the covariant derivative and the background NS-NS flux i? MQ /3, this equation becomes 

G M 1/2 MA /2 ) + G M 1/2 (C^^i/ 2 )] I W> 
2 / 0/ r ~ ( \ 

= ~ 2 V T [( Va ^ + ^M e aW" 1/2 1p-l/2 

+ {V Q (C M - B^O - V p (Ca - B^O + Jf^e"} 4> [ " 1/2 V\ /2 ] I U>- 

Moreover we can obtain 
{Gf /2 (C^ 1/2 ) - v} 7-1/2/3-1/2 + {Gf /2 (e^^ 1/2 ) - v} £-1/27-1/2] I II) 



(6.5) 
(6.6) 

(6.7) 



(6.8) 



— 1 



1 a' 
2VIF 



(9^0^ - r?)7-i/2/3-i/2 + (g a "d a ^ - 77)^-1/27-1/2] I II) 

{s^ V^Cm - e„ - B^e") - r 7 }7_ 1/2 /?_ 1/ 2 + {^V a (C, + e„ ~ B^e") - r ? }/3_ 1/2 7-i/ 2 ] I W>- 

(6.9) 
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where using g^ v d p v v = ^v v (v p is arbitrary covariant vector) in the NS-NS pp-wave background, we 
replace the partial derivative with covariant derivative in the last line of the calculation. Here choosing the 
gauge parameter 77 as 

ri = g at2 V a ((»-^-B^), (6.10) 

we can eliminate the cofficient of 7_i/2/3— 1/2 namely this corresponds to gauge fixing s(x) = (see also 
P~TTjO . Finally substituting (jixgj) . and (joTTUl) to (lOl) . we can obtain the BRST transformation of the 
state namely the gauge transformation as follows: 

Q B |A) = [(V a e M + V^J^"^^^ 

+ {V«(C M - B^e") - V M (Ca - B av e v ) + H ativ e v } ^ 1/2 ^ 1/2 

+ 2g a »V a e p /3-i/ 2 7-i/ 2 + • 7-1/2/3-1/2] I II), (6.11) 

where the coefficient of V'i Q 1 / 2 ? /'-i/2> ^-1/2^' an< ^ ^-1/27-1/2; 7-1/2/^-1/2 mean the gauge transformation 
of the gravitational field, the NS-NS antisymmetric field and the two scalar fields, respectively. Here we 
eliminate one of the two scalar fields (especially s) using the gauge fixing (16. 10[) . Because of the complexity of 
gauge transformation for NS-NS antisymmetric tensor field, we have to explain this point. At the standpoint 
of supergravity, there are two types of the gauge transformation. One is infinitesimal transformation of 
general coordinates and the other is usual gauge transformation. Especially the fields with this usual gauge 
transformation are transformed by both gauge transformation. Here gauge transformation means both 
usual gauge transformation and infinitesimal transformation of general coordinates. Now such field is NS- 
NS antisymmetric field B pv . Performing the infinitesimal transformation of general coordinates — > x' p — 
x n _ e M (x), metric G^ Vl antisymmetric field B pu and dilaton $ are transformed as 

SeG^u = V M e„ + V„e M , (6.12) 
5eB^ = V^B py ) - V v (f?B pll ) + H^ p e", (6.13) 
6A = e"V M $, (6.14) 

where we change the ordinary Lie derivative of B pv into the form with appearance of the flux H pup . Moreover 
B pv is transformed into the following by usual gauge transformation. The result is well known as 

k B »» = v M C, - V„C M , (6-15) 

so that we can obtain the correct gauge transformation of B^ as follows: 

5B„ V = 5 e B^ + S c B pu = V M (C„ - B up eP) - V„(C„ - B w t p ) + H^ p e p . (6.16) 
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Here we consider the parturbation, then the gauge transformation become 

<5V = + v - e M, [Sh = ZgrVptv), (6.17) 
Sb^ = V M (C„ - B vp e") - V„(C M - B w eP) + H^ p e", (6.18) 
6(j) = 0. (6.19) 

Compared to (|6.11l) , we can prove the correspondence of the gauge transformation between them. Especially 
we just derive this nontrivial gauge transformation on from the standpoint of superstring field theory. 
Moreover we have to note that the coefficient of /3_i/27— 1/2 m Q6.3I) corresponds to the gauge transformation 
of the trace of gravitational field h because the gauge transformation of <j) is zero and we can choose the 
scalar field arbitrarily, so that we can replace <f> with h — 4</> (see also section 4) . Therefore as the coefficient 
of /3- 1/27- 1/2: the gauge transformation of h appears. 

7 Conclusion 

In this paper, we have constructed superstring field theory in the NS-NS pp-wave background. The con- 
struction is based on the BRST first quantization of superstrings in this background. Here we have defined 
the NS-NS sector of the low energy state using the modes based on the general operator solutions in our 
previous paper. The characteristic point of the modes is coordinate dependence which plays an important 
role, especially it enables us to reproduce the Christoffel symbol and the covariant derivative at the stand- 
point of superstring field theory. Therefore we have proved the exact correspondence between the low energy 
string field action and the second-order perturbation of supergravity action in the same NS-NS pp-wave 
background. Moreover we have also proved the exact correspondence of the gauge transformation in both 
the actions. 

The work has a important meaning as the first step for the construction of superstring field theory in 
some general background fields. Before the construction, we have to construct the low energy of the other 
sectors namely R-R sector and R-NS (NS-R) sector. Then we can also prove the existence of supersymmetry 
in the background, if we prove the exact correspondence between all the sectors of superstring field action 
and all the terms of supergravity action in the same NS-NS pp-wave background. 
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Appendix 

A BRST transformations of free modes in the NS-NS pp-wave 

In this section we represent the BRST transformations of free modes in the NS-NS pp-wave background. 
First we write up the bosonic modes. The BRST transformations of a+, cn+ and a^, are 



[Q B ,a+] =-nJ2 & n+r 



mGZ 

[Q B ,a k n ] = -nJ2a k n _ 

mez 



[QB,a° n - 



-E 

mGZ 



[QB,a° n ] = -n^2 

mGZ 



71 E ^n+rl-r, [Qb, £*+] = -Tl ^ «+ +m C_ m - 71 ^ ^n+rl-r, (A.l) 
rGZ+e mGZ rGZ+e 

X] VvUr7-r, [<3b,o£] = ~« XI a n+m c -m ~ « ^ V>£+r7-r, (A.2) 

mGZ rGZ+e 



(A.3) 
(A.4) 



which are the same as flat background. The BRST transformations of a° and cn° are 









v/20 7 


a ' + 


M 




V2q^ 



(Jb + Jf) 



= ^n+m,o(^B + Jf) 



11 E ^n+r7-r, 
rGZ+e 

n E ^°+r7-r- 

rGZ+e 



Here we have to note that the BRST transformations of a°~ and contain both left modes and right 
modes in J B and Jf so that we cannot divide them into left and right. The BRST transformations of A n , A\ 
and B ni W n are 



[Q B ,A n } = J2 



-A»V y "m^n - (n + m - A)A„ + 



+ E 

rGZ+ 

[Qb,^] = E 

mGZ 

+ E 

rGZ+ 

[Q B ,B n ] = J2 

mGZ 

+ E 

rGZ+ 

[Q B ,Bi] = E 

mGZ 

+ E 



+ E y a «A c - 

mGZ 

7-r+ J! M\/y"^-4«7-r', 



r'GZ+e 



(A.5) 



A*\/ y 5 m^n + (n - m - 



7- 



A«V y a m s « - ( n + m + A)s„+ 



c-m - E y a ™^« c 

mGZ 

~ E Jt^-' 



r'GZ+e 



(A.6) 



7-r- E MV/y^-B™7-r', 

r'GZ+e 



(A.7) 



-^\[^^M + (n-m + £)Bj 



E W y "™^« 5 



rGZ+e 



mGZ 

7-r+ X ^yyi^iT-'". 

r'GZ+e 



(A.8) 



which also contain both left and right modes. Here we distinguish the sum indeces r and r' because of the 
possibility that left modes and right modes belong to the different sector. Next we write up the fermionic 
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modes. The BRST transformations of ipj , ipj and ip%, are 



ra6Z 



reZ+e 



reZ+e 



(A.9) 



{Qb,^}= ^(s+^)^ +m c_ ro + E a* +r7 _ r , {Qb,V^}= ^(s + y)^ +m c- m + ^ a* +r 7- 



meZ 



rGZ+e 



m , 
2 



which are the same as flat background. The BRST transformation of 0° and ip® are 



{Q B ,^} = E( s + y>fe-™ + E 



reZ+e 



meZ " reZ+e L v^cc 



5 s+r - 5 s+r fl—==(J B + Jf) 
V2cr 



7— rj 



7-r- 



Finally the BRST transformations of A s , A J and A s , A] are 



{Q B ,\ S } = J2 

meZ 



< ; \/ y"m A s + ( s + y - A)A s+ r, 



C- m y a m^ C 



E 

reZ+ 

{Qba\} = - e 



m£2 



+ E 



{Qb,A s } = - E 

mez 

+ E 

{Qb, A*} = e /' 



A»\/ y W A s + *0 + r - A)-4s+r 



/'\/yam A I + ( s -y-W A s- 



/' \/ y ^ A I + *0 - r - 



M\/ y^A, - (s + — + n)X s+r , 



mGZ 

7-r+ E ^\l ^r'^sl- :■■ 
r'eZ+s 



+ E^ 



7-r- E Myy^Ah-r' 



r'eZ+e 



E/a' _ , , 



mGZ 



■ E 



reZ+E 



At - (« - y + A)AL 



r'eZ+e 



~ E ^Vy 5 ™^ 



7- 



-+ E ^Vy^ A « 



r'eZ+e 



i7- 



(A.10) 

(A.11) 
(A.12) 



(A.13) 



(A.14) 



- E v^&^nr-r', ( A -!5) 



(A.16) 



The BRST transformations of free modes in NS-NS pp-wave background contain interaction between left 
modes and right modes. The BRST transformations of ghost modes are the same as the flat background. 

B Definition of Modes 



In this section we define the modes based on the general operator solutions and the free mode representations. 
First of all, we have to define coordinates of the center of mass z, z* and total momenta p z , p z *. Here we 
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define them as 

p z = daPz(T,a)\ T = , p z * = \ daP z *(T,a)\ r = , 
Jo Jo 

where we defined Pz, Pz* in our previous paper as 

Pz = [d+r + d-g* + M+K - ^- X -)] > 



Pz, = [d + f + 0-g - ^+\ + - #tA_)] . 

Here we construct z representatively. Now we consider the case of r = 0, so that z becomes 



(B.l) 
(B.2) 

(B.3) 
(B.4) 

(B.5) 



Then we have to consider the factor e l i J - x+ (. cr ). Replacing n — > — n to the right moving mode, in the case of 
t = 0, X + {cr) becomes 



so that the factor e~ ltlX+ ^ becomes 

e ^x+(a) =e -id<T J| ex p 

Here we define S(ct) for convinience as 

S(<r) = JJ cxp 



ra#0 



n#0 



a' 1 



n#0 



/<\/ T -(S + + alJe- WCT 



"\/ 2--(5 + +«±Je-" ' 



(B.6) 



(B.7) 



fc! 



-inker 



(B.8) 



n^O fc=0 

where we expand S(cr) in the last line of this equation. Here we also define 



Uk ~ k\ ( M V 2 



I(a+ + at„) 



(B.9) 



Here we have to note that £, n ,k=o = 1 is very important property. Therefore we can rewrite the factor e v 

as 



x+ 



n^tO k=0 



So that z becomes 



z = 



da 
27 



e-^S(a) [f(a)+g(-a)}. 



(B.10) 



(B.11) 
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Substituting the free mode representations of f(a) and g(—a), the factor (i vanish and finally we can obtain 
the following: 



z = Va'JJ ^2^ n ,k(A- nk + B nk ) 

n^O fe=0 

= V^(i + B ) + VW JJ Uk{A-nk +B nk ). 
n^O k>0 



(B.12) 



Here we can obtain z* taking Hcrmitian conjugate of z. Now we consider the state of the coordinate 
representation \x). Taking the expectation value (x|z|x), in this equation, the second term vanish so that in 
substance we can define z and z* as follows: 



z = V^(i + B ), z* = Vrf(Al+Bl). 

Similarly substituting the free mode representations, we can obtain p z „: 

1 



(B.13) 



n^O fe>0 



—j=(nk + p)(A- nk +B nk ) - V^/iV^Lr-nfe - 1p± r \ r+nk ) . 
VOL 1 

(B.14) 

Taking expectation value (x|p z »|x), the second term vanish so that we can also define 



« = — 7=A(A) - #o), p z = -—^=£(AJ- B l), 



in substance. Therefore we can write A and B using z and p zsr as follows: 

Ao = —7= - 2ia'/i"V*), #o = —7= (2 + 2ia'fi~ 1 p„), 
2\J a' 2ya 



(B.15) 



(B.16) 



so that these modes behave as the harmonic oscillator. A\ and Bq are defined by taking the Hermitian 
conjugate of them. Next we define the modes i)*Li/2> ^-1/2' their Hermitian conjugate and VCi/ 2 : ^-1/2 • 
First we can define the modes generally as follows because of the (anti)periodicity of 4>±(t, a). 



Vr 



1 f 27r da „ a , _ N , „ 1 f 2n da 



e-™^(a + ,a-)\ T = , (B.17) 



'a' Jo 2-7T ' Vrf Jo 27r 

where r G Z + e where e = for Ramond sector and s = 1/2 for Neveu-Schwarz sector, and we consider 
r = 0. Here we consider i/i* representatively. Substituting the free-mode representations, ip* becomes 

^ da 
2tt 

m^O k=0 

Calculating the integral we can make the Kronecker's delta and taking the summation over r the equation 
becomes 



P. 



m.k 



(B.18) 



V2\ s - mk - ifiVWY,i>t-n-mk(^n + B-n) 



(B.19) 
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Here only in the case of k = and n = 0, the state created by V^<o can become the eigenstate of Hamiltonian 
H = Lq + Lo whose energy eigenvalue is (— s) namely Htp z s \0) = — si/>f |0) therefore we can practically define 

V a as 



i>l = V2X S - i^^t(A Q + B ). 



(B.20) 



Similarly substituting the free-mode representations, ip s becomes 



da 
2^ 



(B.21) 



Here we make Kroncker's delta symbol by integration over a, and carrying out the summation over r, we 
can obtain 



</> s = i' a s - w 



(B.22) 



Then only the case of n = mode can become eigenstate of Hamiltonian, therefore we can define practially 



Xl s (A + B )-X s (Al + Bl) 



Finally using the coodinates z and z* defined in (|B.13|) . we can obtain the following equations: 



ipg — V2X S — ifiz'ipf, 



ip% = V2X S + i/J,zip+, 



These modes play an important role for construction of the low energy string field action. 



(B.23) 



(B.24) 
(B.25) 
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